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Abstract
The aim of the paper is to prove two DND theorems, that is properties which make sense
on both discrete and non-discrete space. The /rst one regards the image, on a compact metric
space, of a surjective semicontraction, that is a Lipschitz function with a constant less than or
equal to 1. The second one involves a generalized notion of convexity, and points out that there
exist discrete metric spaces, none of whose intervals is trivial. c© 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction
The starting point of our research is the simple remark that, in various /elds of
mathematics, we can notice analogies among several results. This is well outlined
when we compare typical properties derived from discrete topology, which is the /nest
possible one, with theorems proved for other topological structures, such as in Eu-
clidean or more general metric spaces. Let us mention a few examples. We can think,
for instance, of the striking analogy between geometric probability and enumerative
combinatorics, that one can perceive in developing the computation of invariant mea-
sures in Euclidean space, as well as in bringing out certain combinatorial proper-
ties of /nite partially ordered sets [9]. Alternatively, we can consider the several dis-
crete and non-discrete versions of Helly’s type theorems [5,9,11], or other convex and
interval problems [3,4,10,13]. Again, we can note analogous ideas supporting the theory
of attractors of iterated function systems (IFS) of contractions on a complete metric
space (X; d) [1,6,8] and the theory of retractions on graphs [7,11,12]. In particular,
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we may compare the inverse problem for fractals, where we look for an IFS whose
attractor is a given non-empty compact set A ⊂ X [1], with the problem of retraction
of a graph X on a given subgraph A [12]. This leads to the interpretation of graph
homomorphisms, which never increase distances, as a generalization of contractions,
which always decrease distances.
On this ground, it is of special interest to point out border features between
discrete and non-discrete spaces, namely DND properties. In this note we wish to
investigate two metric DND theorems, that, in a sense, we may regard as DND
interval results for a metric space (X; d). Here, we call interval of extremes a; b the
set I(a; b)= {x∈X |d(a; x) + d(x; b)=d(a; b)} (see [3] or [10]), which reduces to the
usual interval in case d is the Euclidean metric. The /rst property deals with the image
of a non-expansive surjective map on a compact metric space. The second one is based
on the notion of convexity in the sense of Menger, and it points out the existence of
discrete metric spaces, none of whose intervals is trivial. We wish to emphasize that
the /rst result takes place at once in discrete spaces, while it is not trivial to get it in
other spaces, for instance on a closed real interval. On the contrary, a real, or even a
rational interval, is trivially convex in the sense of Menger, but it is not immediate to
build up this notion in a discrete structure.
2. A non-discrete counterpart of a discrete property
Let (X; d) and (X ′; d′) be metric spaces, and let f : X → X ′ be a function.
Denition 2.1. We say that f is a semicontraction (or non-expansive map) if d′(f(x);
f(y))6d(x; y) for all x; y∈X .
Note that f is a semicontraction if and only if f is Lipschitz, with
Lipf= sup
x;y∈X
d′(f(x); f(y))
d(x; y)
6 1:
A special case is given by isometries f : X → X of a metric space (X; d), which satisfy
d(f(x); f(y))=d(x; y) for all x; y∈X , hence Lipf=1. If (X; d) is a non-compact
metric space, then it is possible to build up surjective semicontractions f with d(f(x);
f(y))¡d(x; y) for all x; y∈X , and Lipf=1 like isometries. Just as an example
we may consider the map f(x)= x + 1=x − 1 on X = [1;+∞), with the Euclidean
metric.
Let us see what happens if we assume X to be compact. If (X; d) is discrete,
then it is immediate to show that a surjective semicontraction f : X → X is an
isometry. Actually, a compact discrete metric space is necessarily /nite, so the sum of
all distances in X is a /nite real number k. If X = {x1; x2; : : : ; xn}, let us suppose that
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there exist xh; xk ∈X , such that d(f(xh); f(xk))¡d(xh; xk). Then we have
k =
n∑
i; j=1
d(xi; xj)=
n∑
i; j=1
d(f(xi); f(xj))
6
∑
i =h; j =k
d(xi; xj) + d(f(xh); f(xk))¡k;
a contradiction.
The previous property can be generalized.
Theorem 2.2. If f : X → X is a surjective semicontraction on a compact metric
space X; then f is an isometry.
Proof. For any ¿ 0 and any integer n, let A;n= {x=(x1; x2; : : : ; xn)∈X n |d(xi; xj)¿
 ∀i; j=1; 2; : : : ; n; i 
= j}, which is a closed subset of X n. By compactness of X we
can /nd, for every ¿ 0, a /nite -net, that is a subset R with the property that,
for all x∈X there exists y∈R satisfying d(x; y)6 . Choose 0¡¡=2, and let
Y = {y1; y2; : : : ; ym} be a subset of X consisting of m¿ |R| points. Hence, for ev-
ery yi ∈Y , there is a point ri ∈R, such that d(yi; ri)6 ¡=2. Since m¿ |R|, by
the pigeonhole principle we have at least a pair yi; yj for which ri = rj, therefore,
d(yi; yj)6d(yi; ri) + d(rj; yj)¡. This shows that A;m= ∅ for each m¿ |R|. Conse-
quently, for any /xed ¿ 0 there exists a greatest integer Ln= Ln() such that A; Ln 
= ∅.
Let S : A; Ln → R be the function de/ned by
S(x)=
∑
i; j
d(xi; xj)
for all x=(x1; x2; : : : ; x Ln)∈A; Ln. This is continuous on the compact space A; Ln, so that
there exists a maximum y=(y1; y2; : : : ; y Ln)∈A; Ln. As f is surjective, there are Ln points
a1; a2; : : : ; a Ln ∈X such that f(ai)=yi, 16 i6 Ln. Since f is a semicontraction, we get
d(ai; aj)¿d(f(ai); f(aj))=d(yi; yj)¿  (1)
for all i 
= j. Hence a=(a1; a2; : : : ; a Ln)∈A; Ln, so S(a)6 S(y), y being the maximum
of S. If in (1) d(ai; aj)¿d(yi; yj) holds for some i; j, then S(a)¿S(y), a contra-
diction. Therefore, d(ai; aj)=d(yi; yj)=d(f(ai); f(aj)) for all i; j, so f is an isom-
etry on the set I= {a1; a2; : : : ; a Ln}. Now we observe that, for any z ∈X , the point
(a1; a2; : : : ; a Ln; z) 
∈ A; Ln+1, since this set is empty. Hence d(ai; z)¡ for some i. This
holds for all , so I =
⋃
¿0 I is dense in X . If z; w∈X , then there exist in I two
sequences {zn} and {wn}, which converge to z and w, respectively. Therefore we have
d(f(z); f(w)) = d
(
f
(
lim
n→∞ zn
)
; f
(
lim
n→∞wn
))
= lim
n→∞d(f(zn); f(wn))
= lim
n→∞d(zn; wn)=d(z; w):
We conclude that f is an isometry on the whole space X .
As a consequence we get at once the following interval result.
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Corollary 2.3. Let (X; d) be a compact metric space; and f : X → X a surjective
semicontraction. Then f(I(a; b))= I(f(a); f(b)) for all a; b∈X .
3. A discrete counterpart of a non-discrete property
It is well known that a subset K of the n-dimensional Euclidean space Rn is said
to be convex if the whole segment of endpoints x; y lies in K , whenever x; y∈K . A
generalization of this notion is given in the following de/nition [2].
Denition 3.1. A metric space (X; d) is convex in the sense of Menger, or shortly
M -convex, if for every pair x; y∈X , x 
=y, there exists a point z ∈X , z 
= x, z 
=y,
such that d(x; y)=d(x; z) + d(z; y).
We can look at De/nition 3.1 from a graph-theoretical point of view. To this, we
associate to (X; d) its proximity graph Prox(X; d), whose vertex set is X and x ∼
y ⇔ I(x; y)= {x; y}. Note that the last condition is always satis/ed when d(x; y) is
the minimal non-zero distance L. As a consequence, a metric space (X; d) is M -convex
if and only if Prox is the null graph (i.e., it has no edges).
The opposite situation occurs when Prox is the complete graph (i.e., x ∼ y for
all x; y∈X ). Since I(x; y)= {x; y} for all x; y∈X , such a metric space has no points
between any given pair. An example can easily be got by considering any circle in the
plane with the usual (straight line) distance.
Of course, a convex set is also M-convex, but there exist M-convex sets which
cannot be convex, for instance a rational interval. We ask whether the M-convexity
may be obtained also in a discrete metric space (X; d). Denote by D(X; d) the set of
distances di#erent from 0 between any pair of points of X . It is immediate to show
that, if inf D(X; d)= L¿ 0, then the space cannot be M-convex. Otherwise, we could
take x; y; z ∈X; z 
= x; z 
=y, such that d(x; y)=d(x; z) + d(z; y). Hence d(x; y)¿ 2L, so
inf D(X; d)¿ 2L¿ 0, a contradiction.
Consequently, a necessary condition for a metric space (X; d) to be M-convex, is
that inf D(X; d)= 0. However, this assumption is not suMcient, as we can easily see
by taking any converging sequence on the real line. On the other hand, we can prove
below the existence of metric spaces that are both discrete and M-convex. This will
show how deceptive the intuitive idea, that intervals of M-convex spaces should behave
like those of the real or of the rational line, can be.
Theorem 3.2. There exist discrete metric spaces which are M-convex.
Proof. Let (I; de) be a countable subset of the real open interval (−1; 1). Assume that
the Euclidean metric induces on I a discrete metric space. Such an I may arise e.g. as
I = {±(1− 12 );±(1− 13 );±(1− 14 ); : : :} (both −1 and 1 are cluster points). Let us give an
inductive construction of a sequence A0 ⊂ A1 ⊂ A2 ⊂ · · · ⊂ An : : : of subsets of (−1; 1),
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such that (An; de) is always discrete. First let A0 = I . We can order the elements of
A0 as an increasing two-sided sequence : : : a−1; a0; a1; : : : ; ak ; : : : For each k1 ∈Z, let
rk1 ¡
1
2min{de(ak1 ; ak1−1); de(ak1+1; ak1 )}. Let fk1 : (−1; 1) → (ak1 + rk1 ; ak1+1 − rk1+1)
be an aMne transformation, so that fk1 (I) is a metric space similar to I . De/ne
A1 =A0 ∪
( ⋃
k1∈Z
fk1 (I)
)
:
The new set A1 consists of double indexed elements ak1 ; k2 , k1; k2 ∈Z. By repeating this
construction, we obtain An+1 starting from An, that is
An+1 =An ∪

 ⋃
k1 ; k2 ;:::; kn+1∈Z
fk1 ; k2 ;:::; kn+1(I)

 ;
where
fk1 ; k2 ;:::;kn+1 : (−1; 1)→ (ak1 ; k2 ;:::; kn+1 + rk1 ; k2 ;:::; kn+1 ; ak1 ; k2 ;:::; kn+1+1 − rk1 ; k2 ;:::; kn+1+1);
fk1 ; k2 ;:::; kn+1(I) is similar to I , and
rk1 ; k2 ;:::;kn+1 ¡
1
2
min{de(ak1 ; k2 ;:::; kn+1 ; ak1 ; k2 ;:::; kn+1−1); de(ak1 ; k2 ;:::; kn+1+1; ak1 ; k2 ;:::; kn+1)}:
The ball B(ak1 ; k2 ;:::; kn+1 ; rk1 ; k2 ;:::; kn+1) reduces to {ak1 ; k2 ;:::; kn+1} in An, and in An+1 as well.
The additional points induce discrete subspaces (similar to I) at a non-zero distance
from each other.
Therefore An+1 is discrete.
Consider now the distance de induced by the Euclidean metric on the set A=
⋃
n∈N An.
Note that to each a∈A we can associate a unique n= na ∈N such that a∈An\An−1,
or a∈A0 if n=0.
Let a∈A and let n= na. At the (n + 1)th step a ball B(a; ra) was introduced, that
contains no points of An di#erent from a. When constructing An+1, the intervals between
a and its closest points in An were /lled avoiding this ball. All additional points arising
in further steps cannot belong to B(a; ra) as well.
Hence B(a; ra) ∩ A= {a}, and (A; de) is still a discrete metric space.
On the other hand, let a; b∈A, a¡b. Assuming n=max{na; nb}, if I(a; b)= {a; b}
in An, I(a; b) 
= {a; b} in the next set An+1, since the construction gives rise to in/nitely
many points between a and b. Therefore, Prox(A; de) is a null graph.
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